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Nonlinear problem of spatial aeroelastic vibrations of iced conductor, suspended on moving insulator strings is considered [1, 2]. Deflection of the conductor from straight line connecting its ends during vibrations with regard to the initial sagging is considered to be small in comparison with the span length and as a result the tension is approximately constant along the conductor. The conductor tensile strain is determined by quadratic approximation in dependence on its transverse displacements and is considered constant as well. The displacements and angles of twisting of the conductor at its ends as well as the coefficients of the expansions of these functions in sine series with integer number of loops per span are considered as generalized coordinates. The aerodynamic loads acting on the vibrating iced conductor are determined using the conventional quasi-steady formulas for the lift, drag and moment in dependence on the disturbed angle of attack.
We obtained general equations of the conductor motion in the generalized coordinates with nonlinear elastic, inertial and aerodynamic forces, and in addition the linearized equations for small aeroelastic vibrations around the static equilibrium position. The latter equations allow determining the critical speed of the conductor flutter. 




We will consider one span single conductor fixed at the ends, as shown in Fig. 1. Let  be the original length of the conductor for a given span at normal temperature, and  be the span length. The surplus of the conductor length is denoted as

                                                                 ,                                                                (1)

where  is an increment of the temperature with respect to the normal one;  is a coefficient of linear temperature expansion.
Under action of transverse wind, directed along -axis with the velocity , the conductor is subjected to space vibrations, which counting for sagging and characterized by displacements , ,  and angle of twisting  (see Fig. 1).












In such case the longitudinal strain is expressed in terms of displacements in quadratic approximation as

                                                               ,                                                            (2)

where prime denotes the derivative with respect to .
Neglecting by the longitudinal inertia we obtain, that tensile force will be approximately constant along the conductor, i.e. .
For constant tensile rigidity of the conductor () it follows from the Hook’s low, that
. Then integrating (2) results in

                                                            ;                                                              (3)
                                                         .                                                         (4)

Since the conductor cannot resist the compression it must be .                                   
Taking into account (3) we can find from (2)

                                                .                                            (5)

For the accepted assumptions  it is possible to consider, that .
The angle of twisting and the transverse displacements of the conductor with the fixed ends can be represented by the Ritz method in series:

                       ,  ,  ,              (6)

where  will be considered as generalized coordinates;  .


2.	Potential and kinetic energy

The strain energy of stretching and twisting of the conductor , where  is the twisting rigidity, taking into account (3)-(6) can be written as follows

                                                     .                                                (7)

The kinetic energy of the conductor with the ice accretion for small angles of twisting is written as , where , , ,  are linear mass, radius of inertia with respect to the axis and coordinates of the center of gravity in a cross section of the conductor with ice in the local coordinate system with origin on the conductor axis.
For constant ice accretion along the conductor using (6) we obtain

                                 .                        (8)


3.	Virtual work of distributed forces

The virtual work of distributed aerodynamic forces  and moment  as well as gravitational forces  reduced to the conductor axis is written as

                                       ,                           (9)

where .
Lift force , drag  and moment  acting on a unit length of the vibrating conductor in wind (see Fig. 2) according to the quasi-stationary theory are written in the following form

                                               (10)

where  is an angle of attack of the considered cross section of the vibrating conductor with the incidence of the flow ; , , ,  are aerodynamic coefficients of the conductor cross section with ice;  is an angle of attack in initial steady state;   – the conductor diameter;  – density of the flow.
Afterwards considering the angles  and  sufficiently small we will write linearized expressions for the perturbed velocity, incidence of the flow, aerodynamic coefficients and forces:

                                           (11)
Then we will have

                                                             (12)
                                                        
The virtual work of the aerodynamic and gravitational forces (9) taking into account (6) are written as follows

                                                  ,                                             (13)
where





The equations of aeroelastic vibrations of the conductor with nonlinearities of elastic tensile forces are obtained using (7), (8), (13) as the Lagrange equations in generalized coordinates:

                                                                           (15)
where

                                                                      (16)

The equations (15) with the generalized forces (14) are solved numerically for prescribed initial conditions. In a case if at some intervals of time  it is necessary to put .
To estimate the critical speed of flatter of the conductor with ice accretion we should use the linearized equations.
Let we have solved some steady state problem of equilibrium of the conductor in gravity field with wind flow.
This solution is denoted with upper index “0” and small increments in the disturbed motion are denoted with upper index “1”:

                .        (17)

The linearized equations for , ,  are written as follows

                                             
                                                                           (18)
                                                                        
where

         .   (19)

The generalized forces , ,  can be obtained from (14), leaving there only the terms with the generalized coordinates and denoting later with upper index  “1”.

5. Problem of dynamic instability

The obtained linearized homogeneous equations for perturbations are written in matrix form as

                                                  ,                                 (20)

where   – symmetrical matrices of inertia and rigidity;  – matrices of aerodynamic damping and aerodynamic rigidity.




For an example we considered the conductor AC 550/71 (Russia) with the following data: , , , , , , . Aerodynamic coefficients for the conductor cross-section with ice accretion  were taken from [3].






General equations of the iced conductor motion in the generalized coordinates with non-linear elastic, inertial and aerodynamic forces are obtained. The coefficients of Ritz series are used as generalized coordinates of the problem. It allows investigating contribution of harmonics on the conductor dynamic as a whole. In the view of computational process this approach is quite efficient since the higher harmonics are excluded from analysis.
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